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Abstract
We consider Hilbert’s sixth problem on the axiomatization of physics starting
with a higher degree Heisenberg commutation relation involving the Dirac
operator and the Feynman slash of scalar fields. The two sided version of
the commutation relation in dimension 4 implies volume quantization and
determines a noncommutative space which is a tensor product of continuous
and discrete spaces. This noncommutative space predicts the full structure
of a unified model of all particle interactions based on Pati-Salam symme-
tries or, as a special case, the Standard Model. We study implications of
this quantization condition on Particle Physics, General Relativity, the cos-
mological constant and dark matter. We demonstrate that, with little input,
noncommutative geometry gives a compelling and attractive picture about
the nature and structure of space-time.
1Contribution to the special issue of IJGMMP celebrating the one century anniversary
of the program announced in 1916 by Hilbert entitled Foundations of Mathematics and
Physics, editors, Joseph Kouneiher, John Stachel and Salvatore Capozzieolo
1 Introduction
David Hilbert research on the axiomatization of geometry led him to suggest
the sixth problem on his list for the axiomatization of Physics which have
received the least attention [1]. Hilbert contributed prominently to the for-
mulation of the gravitational equations in the General Theory of Relativity
which was presented in November 1915, almost simultaneously with Einstein
[2] [3]. Weyl has asserted that during the period 1910-1922 Hilbert has de-
voted considerable time to research in Physics which was an integral part of
his mathematical world. Indeed, in 1915 Hilbert has presented a unified the-
ory of electromagnetism and gravitation based on the use of the variational
principle derived in an axiomatic fashion from the two principles of general
invariance and ”Mie’s axiom of the world function”. This attempt can be
considered as the seed that motivated much work on ideas on unification of
all fundamental interactions such as in Kaluza-Klein theory, supersymmetry,
superstring theory and noncommutative geometry. In this article I will follow
up on the contribution of Alain Connes to this volume and show that starting
with the axioms of noncommutative geometry supplemented by a minimal
number of physical assumptions would result, unambiguously, in a unified
theory of all fundamental interactions and matter content of space-time [4],
[5]. We will be able to establish a link between the quantization of volume of
space at Planck energy and the constituents of matter and their symmetries.
In addition we uncover the origin of the Higgs fields and symmetry breaking,
and indicate possible solutions to long standing problems such as resolving
the singularities in GR, dark matter and dark energy.
All the material covered in this review is a result of a long time collaboration
with Alain Connes which started in 1996 and continues until now. More
recently our collaboration included Walter van Suijlekom and, in separate
publications, Slava Mukhanov. An excellent introduction to the material
covered in this review is the accompanying article by Alain Connes in this
volume. However, an attempt is made to make this article self-contained.
The Planck scale is the scale at which all rescaled curvature invariants of a
Riemannian manifold are of the same order. The volume of any manifold
at scales below the Planck scale, will be many orders of magnitude larger
than that scale. To avoid the problem of infinities, which are expected to
arise in a quantized theory of gravity, it is a natural proposition to assume
that the volume of a physical space is an integer multiple of a unit volume
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of Planckian size and thus provide a cutoff scale. It is well known that the
degree of a smooth map Y from a connected, compact, oriented n-manifold
to the sphere Sn is an integer
Y :Mn → Sn, (1)
where Y is Rn+1 valued onMn. This map is normalized by 〈Y (x) , Y (x)〉 = 1
where x ∈ Mn and if we let ∆ be the positive normed determinant function
in Rn+1, then the degree of the map is given by [6]
deg (Y ) ≡ 1
κn
∫
Mn
〈∆, Y (dY )n〉 ∈ Z (2)
where κn is the volume of the n-sphere:
κ2m =
2m+1
(2m− 1)!!π
m, κ2m+1 =
2
m!
πm+1, m = 1, · · · ,∞. (3)
We propose to identify the integrand in (2), which is an n-form over an
n-dimensional connected, compact oriented manifold, with the volume form:
wn =
1
κn
〈∆, Y (dY )n〉 , (4)
then the volume of Mn will be an integer multiple of the unit Planckian
n-sphere. From this we deduce that the pullback Y ∗ (wn) is a differential
form that does not vanish anywhere. This in turn implies that the Jacobian
of the map Y does not vanish anywhere, and that Y is a covering of the
sphere. The sphere is simply connected, and on each connected component
Mj ⊂ Mn, the restriction of the map Y to Mj is a diffeomorphism, implying
that the manifold must be disconnected, with each piece having the topology
of a sphere [7]. We will show how to avoid this unsatisfactory conclusion and
how the attractive idea of volume quantization works in a convincing way
within the formulation of noncommutative geometry.
Extensive research over the last two decades have shown that there are many
advantages to work with noncommutative geometry instead of Riemannian
geometry [4]. The approach is spectral in nature and its concepts are modeled
after quantum mechanics where geometry is defined in terms of spectral
data. These are specified in terms of spectral triple (A,H, D) where A is
an associative algebra with unit 1 and involution ∗, H a complex Hilbert
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space carrying a faithful representation of the algebra A and D is a slef-
adjoint operator on H with the resolvent (D − λ1)−1 , where λ /∈ R of D,
compact. The operator D plays the role of inverse line element. In addition
the real structure J is an anti-unitary operator that sends the algebra A to
its commutant Ao such that [8]
[a, bo] = 0, a, b ∈ A, bo = Jb∗J−1 ∈ Ao. (5)
The chirality operator γ is a unitary operator inH defined in even dimensions
such that γ2 = 1 and commutes with A
[γ, a] = 0 ∀a ∈ A. (6)
There are commutativity or anti-commutativity relations between D, J, and
γ :
J2 = ǫ, JD = ǫ′DJ, Jγ = ǫ′′γJ, Dγ = −γD, (7)
where ǫ, ǫ′, ǫ′′ ∈ {−1, 1} . The operators γ and J are similar to the chirality
and charge conjugation operators and to every fixed value of ǫ, ǫ′, ǫ′′ is asso-
ciated a KO dimension, which may be non-metric, and thus is defined only
modulo 8. It is then evident that the generalized Heisenberg relation must
be modified to include not only the mapping Y from Mn to S
n but also the
effects of the operator J which requires two mappings Y and Y ′. We have
shown that using the two mappings Y and Y ′ to set the volume quantization
condition would avoid limiting the topology of the manifold to be that of a
sphere in dimensions two and four [9] [7]. We shall elaborate on the form
of the generalized Heisenberg relation and show that this leads, unambigu-
ously, to the construction of a noncommutative space whose geometry gives
naturally a unified model of all particle interactions based on Pati-Salam
symmetry group which also includes the Standard Model as a special case .
This article is organized as follows. In section 2 the conjectured Heisenberg
quantization two sided relation is constructed in such a way as to give the
volume of the underlying manifold to be given by the sum of two integers
times the volume of a unit Planckian sphere. In section three the algebra of
the finite noncommutative space is derived to be the sum of two algebras,
which in dimension four, is given by the sum M2 (H) and M4 (C) [10], [11]
[12]. In section four we determine the noncommutative space and make con-
tact with our previous work on noncommutative geometry [13], [14], [15]. In
section five we show the the unified model associated with this noncommuta-
tive space is of the Pati-Salam type and in section six we give the Standard
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Model obtained as a limiting case [15]. Section seven is a summary of the
minimal Pati-Salam model [12], [16]. In section 8 we present the spectral
action principle and calculate the spectral action of the Standard Model. In
section 9 we study consequences of volume quantization on the equations of
motion in both instances when the fields Y and Y ′ are with or without kinetic
terms. In section 10 we give the solitonic solutions and show that these are
identical to the O(5) non-linear gravitational sigma model. In section 11 we
consider the case of a Riemannian manifold with Lorentzian signature where
the four-dimensional manifold is viewed as a 3 + 1 space formed from the
motion of three dimensional hypersurfaces. We show that it is possible to
impose quantization of the three dimensional compact space provided that
the field mapping the one-dimensional non-compact space satisfies a length
preserving relation. In section 12 we further discuss the conditions under
which a quantization of a two dimensional hypersurface is possible. In sec-
tion 13 we study the equations of motion for the cases of three dimensional
volume and two dimensional surface quantization. In section 14 we discuss
quantization on the special spaces R× S3 and R2 × S2. Section 15 contains
a discussion and the conclusion.
2 Heisenberg volume quantization in dimen-
sions 2 and 4
For a Riemannian manifold of dimension n the algebra A is taken to be
C∞ (M) , the algebra of continuously differentiable functions, while the op-
erator D is identified with the Dirac operator given by
DM = γ
µ
(
∂
∂xµ
+ ωµ
)
, (8)
where γµ = eµaγ
a and ωµ =
1
4
ωµbcγ
bc is the SO(n) Lie-algebra valued spin-
connection with the (inverse) vielbein eµa being the square root of the (inverse)
metric gµν = eµaδ
abeνb . The gamma matrices γ
a are anti-hermitian (γa)∗ = −γa
and define the Clifford algebra
{
γa, γb
}
= −2δab. The Hilbert space H is the
space of square integrable spinors L2 (M,S) . The Dirac operator is Hermitian
with respect to the inner product
(ψ,DMψ) = (DMψ, ψ) =
∫
dnxeψ∗DMψ, (9)
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where e = det
(
eaµ
)
with eaµ being the inverse of e
µ
a . The chirality operator γ
in even dimensions is then given by
γ = (i)
n
2 γ1γ2 · · · γn (10)
From the above discussion, it is very suggestive to associate with the map
fields Y A, A = 1, 2, · · · , n+1 a Clifford algebra valued field Y = Y AΓA where
[17]
ΓA ∈ Cκ, {ΓA,ΓB} = 2κ δAB, (ΓA)∗ = κΓA. (11)
Here κ = ±1 and Cκ ⊂ Ms(C) is the algebra of s × s matrices, where s =
2n/2. A generalization of the Heisenberg commutation relation [p, q] = −i~ is
conjectured to be given by [7]
〈Y [D, Y ] · · · [D, Y ]〉 = √κ γ (n terms [D, Y ]) , (12)
where Y ∈ C∞ (M) ⊗ Cκ is of the Feynman slashed form Y = Y AΓA, and
fulfill the equations
Y 2 = κ, Y ∗ = κY. (13)
The notation 〈T 〉 means the trace of T with respect to the above matrix
algebra Ms(C). In a coordinate basis equation (12) takes the form [7]
1
n!
ǫµ1µ2···µnǫA1A2···An+1Y
An+1∂µ1Y
A1∂µ2Y
A2 . . . ∂µnY
An = det
(
eaµ
)
, (14)
which is a constraint on the volume form. This can be thought of as a gen-
eralization of the coordinate-momenta [p, q] = −i~ phase space quantization
where p is replaced with the Dirac operators D and q is replaced with the
Feynman slash coordinates Y . We have seen, however, that this quantiza-
tion condition implies that the n−manifold decomposes into a set of bubbles.
The difference now is that the quantization condition is given in terms of the
noncommutative data. One cannot fail to notice that the operator J is miss-
ing from equation (12) which suggests that this equation must be modified
to take this operator into account. We first define the projection operator
e = 1
2
(1 + Y ) satisfying e2 = e [18] but now there are two possibilities,
Y corresponding to the case κ = 1 and Y ′ to the case κ = −1. Thus let
Y = Y AΓA ≡ Y and let Y ′ = iJY J−1 and Γ′A = iJΓAJ−1 so that we can
write
Y = Y AΓA, Y
′ = Y ′AΓ′A, (15)
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satisfying Y 2 = 1 and Y ′2 = 1. The projection operators e = 1
2
(1 + Y ) and
e′ = 1
2
(1 + Y ′) satisfy e2 = e, e′2 = e′ with e and e′ commuting. This allows
to define the projection operator E = ee′ and the associated field
Z = 2E − 1, (16)
satisfying Z2 = 1. The conjectured quantization condition takes the elegant
form of a two-sided relation [7], [9]
〈Z [D,Z]n 〉 = γ. (17)
Our proposal is that this quantization condition is valid for all noncommu-
tative geometries defined by the spectral data where the metric dimension of
the operator D as determined from the Weyl asymptotic formula is less than
or equal to four. The presence of the chirality operator γ indicates that the
dimension n should be even, and this would limit us to the two cases n = 2
and n = 4. For odd dimensional n the form of the quantization condition
should be modified, but will not be considered here. We have shown that for
both n = 2 and n = 4 equation (17) splits as the sum of two pieces [7]
〈Z [D,Z]n〉 = 〈Y [D, Y ]n〉+ 〈Y ′ [D, Y ′]n〉 . (18)
This implies that the volume form of the n−dimensional Riemannian mani-
fold is the sum of two n−forms and thus
det
(
eaµ
)
=
1
n!
ǫµ1µ2···µnǫA1A2···An+1Y
An+1∂µ1Y
A1∂µ2Y
A2 . . . ∂µnY
An+ (19)
+
1
n!
ǫµ1µ2···µnǫA1A2···An+1Y
′An+1∂µ1Y
′A1∂µ2Y
A2 . . . ∂µnY
′An. (20)
Consider the smooth maps φ± : Mn → Sn then their pullbacks φ#± would
satisfy
φ#+ (α) + φ
#
− (α) = ω, (21)
where α is the volume form on the unit sphere Sn [19] and ω (x) is an n−form
that does not vanish anywhere on Mn. We stress that the quantization con-
dition does not split as the sum of two terms except for n = 2, 4, however,
if one starts with the conjecture that the volume form is the sum of the two
traces in terms of the coordinates Y and Y ′ then equation (21) would follow
and would then not be limited to the two values for n. We have shown that
for a compact connected smooth oriented manifold with n < 4 one can find
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two maps φ#+ (α) and φ
#
− (α) whose sum does not vanish anywhere, satisfying
equation (21) such that
∫
M
ω ∈ Z. The proof for n = 4 is more difficult and
there is an obstruction unless the second Stieffel-Whitney class w2 vanishes,
which is satisfied if M is required to be a spin-manifold and the volume to be
larger than or equal to five units. The key idea in the proof is to note that
the kernel of the map Y is a hypersurface Σ of co-dimension 2 and therefore
[7]
dimΣ = n− 2. (22)
We can then construct a map Y ′ = Y ◦ψ where ψ is a diffeomorphism on M
such that the sum of the pullbacks of Y and Y ′ does not vanish anywhere.
The important point to stress here is that the conjectured two sided relation
(17) is taken to hold for arbitrary noncommutative spaces where n ≤ 4 where
n is the dimension as determined in the Weyl asymptotic formula for the
growth of eigenvalues of the Dirac operator, and is not restricted for Rie-
mannian manifolds. In other words, one can seek solutions for this equation
in general and find the noncommutative space satisfying this equation.
3 Clifford Algebras and Feynman slash
We have seen that the coordinates Y are defined over a Clifford algebra C+
spanned by {ΓA,ΓB} = 2δAB. For n = 2, C+ = M2 (C) while for n = 4,
C+ = M2 (H) ⊕M2 (H) where H is the field of quaternions [17]. However,
for n = 4, since we will be dealing with irreducible representations we take
C+ = M2 (H) . Similarly the coordinates Y
′ are defined over the Clifford
algebra C− spanned by {Γ′A,Γ′B} = −2δAB and for n = 2, C− = H⊕H and
for n = 4, C− = M4 (C) . The operator J acts on the two algebras C+ ⊕ C−
in the form J (x, y) = (y∗, x∗) (i.e. it exchanges the two algebras and takes
the Hermitian conjugate). The coordinates Z = 1
2
(Y + 1) (Y ′ + 1)− 1, then
define the matrix algebras [10]
AF =M2 (C)⊕H, n = 2 (23)
AF =M2 (H)⊕M4 (C) , n = 4. (24)
One, however, must remember that the maps Y and Y ′ are functions of the
coordinates of the manifoldM and therefore the algebra associated with this
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space must be
A = C∞ (M,AF ) (25)
= C∞ (M)⊗AF . (26)
To see this consider, for simplicity, the n = 2 case with only the map Y. The
Clifford algebra C− = H is spanned by the set
{
1,ΓA
}
, A = 1, 2, 3, where{
ΓA,ΓB
}
= −2δAB.We then consider functions which are made out of words
of the variable Y formed with the use of constant elements of the algebra [18]
∞∑
i=1
a1Y a2Y · · ·aiY, ai ∈ H,
which will generate arbitrary functions over the manifold, which is the most
general form since Y 2 = 1. One can easily see that these combinations
generate all the spherical harmonics. This result could be easily generalized
by considering functions of the fields
Z =
1
2
(Y + 1) (Y ′ + 1)− 1, Y ∈ H, Y ′ ∈M2 (C) ,
showing that the noncommutative algebra generated by the constant matrices
and the Feynman slash coordinates Z is given by [18]
A = C∞ (M2)⊗ (H+M2 (C)) .
4 Finite Noncommutative space
Having explained the simple case n = 2, for the remainder of this paper we
restrict ourselves to the physical case of n = 4. Here the algebra is given by
A = C∞ (M4)⊗ (M2(H)+M4 (C)) . (27)
The associated Hilbert space is
H = L2 (M4, S)⊗HF . (28)
The Dirac operator mixes the finite space and the continuous manifold non-
trivially
D = DM ⊗ 1 + γ5 ⊗DF , (29)
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where DF is a self adjoint operator in the finite space. The chirality operator
is
γ = γ5 ⊗ γF , (30)
and the anti-unitary operator J is given by
J = JMγ5 ⊗ JF , (31)
where JM is the charge-conjugation operator C onM and JF the anti-unitary
operator for the finite space. Thus an element Ψ ∈ H is of the form Ψ =(
ψA
ψA′
)
where ψA is a 16 component L
2 (M,S) spinor in the fundamental
representation of AF of the form ψA = ψαI where α = 1, · · · , 4 with respect
to M2 (H) and I = 1, · · · , 4 with respect to M4 (C) and where ψA′ = Cψ∗A
is the charge conjugate spinor to ψA [15]. The chirality operator γ must
commute with elements of A which implies that γF must commute with
elements in AF . Commutativity of the chirality operator γF with the algebra
AF and that this Z/2 grading acts non-trivially reduces the algebra M2 (H)
to HR ⊕ HL [10]. Thus the γF is identified with γF = Γ5 = Γ1Γ2Γ3Γ4 and
the finite space algebra reduces to
AF = HR ⊕HL ⊕M4 (C) . (32)
This can be easily seen by noting that an element of M2 (H) takes the form(
q1 q2
q3 q4
)
where each qi, i = 1, · · · , 4, is a 2 × 2 matrix representing a
quaternion. Taking the representation of Γ5 =
(
12 0
0 −12
)
to commute
with M2 (H) implies that q2 = 0 = q3, thus reducing the algebra to HR⊕HL.
Therefore the index α = 1, · · · , 4 splits into two parts, .a = .1, .2 which is a
doublet under HR and a = 1, 2 which is a doublet under HL. The spinor Ψ
further satisfies the chirality condition γΨ = Ψ which implies that the spinors
ψ .aI are in the (2R, 1L, 4) with respect to the algebra HR⊕HL⊕M4 (C) while
ψaI are in the (1R, 2L, 4) representation
2. The finite space Dirac operator
DF is then a 32× 32 Hermitian matrix acting on the 32 component spinors
Ψ. In addition we take three copies of each spinor to account for the three
2Due to a typographical error in the abstract of [12] the fermionic representation was
listed incorrectly as (2R, 2L, 4) while in the body of the paper the coorect representation
appears.
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families, but will omit writing an index for the families. At present we have
no explanation for why the number of generations should be three. The Dirac
operator for the finite space is then a 96× 96 Hermitian matrix. The Dirac
action is then given by [14]
(JΨ, DΨ) . (33)
We note that we are considering compact spaces with Euclidean signature
and thus the condition JΨ = Ψ could not be imposed. It could, however, be
imposed if the four dimensional space is Lorentzian [20].The reason is that
the KO dimension of the finite space is 6 because the operators DF , γF and
JF satisfy
J2F = 1, JFDF = DFJF , JFγF = −γFJF . (34)
The operators DM , γM = γ5, and JM = C for a compact manifold of dimen-
sion 4 satisfy
J2M = −1, JMDM = DMJM , JMγ5 = γ5JM . (35)
Thus the KO dimension of the full noncommutative space (A,H, D) with
the decorations J and γ included is 10 and satisfies
J2 = −1, JD = DJ, Jγ = −γJ. (36)
We have shown in [14] that the path integral of the Dirac action, thanks to
the relations J2 = −1 and Jγ = −γJ, yields a Pfaffian of the operator D
instead of its determinant and thus eliminates half the degrees of freedom of
Ψ and have the same effect as imposing the condition JΨ = Ψ.
We have also seen that the operator J sends the algebra A to its commutant,
and thus the full algebra acting on the Hilbert space H is A⊗Ao. Under
automorphisms of the algebra
Ψ→ UΨ, (37)
where U = uû with u ∈ A, û ∈ Ao with [u, û] = 0, it is clear that Dirac
action is not invariant. This is similar to the situation in electrodynamics
where the Dirac action is not invariant under local phase transformations
but the invariance is easily restored by introducing the vector potential Aµ
through the transformation
γµ∂µ → γµ (∂µ + ieAµ) . (38)
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In our case, the Dirac operator D is replaced with
DA = D + A, (39)
where the connection A is given by [11]
A =
∑
aâ
[
D, b̂b
]
. (40)
It can be shown that under automorphisms U of the algebra we have
DA → UDAU∗. (41)
The connection A splits into three pieces
A = A(1) + JA(1)J
−1 + A(2), (42)
where
A(1) =
∑
a [D, b] (43)
A(2) =
∑
â
[
A(1), b̂
]
, (44)
which satisfies JA(2)J
−1 = A(2). At this point we have to distinguish few
possibilities.
5 Pati-Salam Models
In the first possibility we assume that the double commutator[
a,
[
D, b̂
]]
6= 0, (45)
which implies that A(2) 6= 0. The fluctuations A of the inner automorphisms
were computed in [12]. The calculation is straightforward and could be easily
done using symbolic manipulation programs such as Mathematica or Maple.
We shall content ourselves in this paper by collecting some of the important
results. Starting with a ∈M4 (C)⊕M4 (C) we write
a =
(
Xβαδ
J
I 0
0 δβ
′
α′Y
J ′
I′
)
, (46)
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where Xβα ∈ HR⊕HL and Y JI ∈M4 (C) . Thus we now have
Xβα =
(
X
.
b
.
a
0
0 Xba
)
, Xba =
(
X11 X
2
1
−X21 X
1
1
)
∈ HL, (47)
and similarly for X
.
b
.
a
∈ HR. The anti-linear isometry J = Cγ5 ⊗ JF is
represented by
JF =
(
0 δβ
′
α δ
J ′
I
δβα′δ
J
I′ 0
)
× complex conjugation, (48)
and satisfies J2F = 1 which implies that J
2 = −1. In this form
â = Ja∗J−1 =
(
δβαY
tJ
I 0
0 X tβ
′
α′ δ
J ′
I′′
)
(49)
where the superscript t denotes the transpose matrix. This clearly satisfies
the commutation relation [
a, b̂
]
= 0, (50)
which is simply the statement that the right action and left action commute.
We shall now show that the relations that D must satisfy greatly constrain
its form. The (finite) Dirac operator can be written in matrix form
DF =
(
DBA D
B
′
A
DB
A′
DB
′
A′
)
, (51)
and must satisfy the properties
γFDF = −DFγF JFDF = DFJF , (52)
where J2F = 1. We also adopt the notation D
B
A′ = D
AB.
A matrix realization of γF and JF is given by
γF =
(
GF 0
0 −GF
)
, GF =
(
12 0
0 −12
)
, JF =
(
04 14
14 04
)
◦ cc.
(53)
These relations, together with the hermiticity of D imply the relations
(DF )
B
′
A′ =
(
DF
)B
A
(DF )
B
A′ =
(
DF
)A′
B
, (54)
12
with the bar denoting complex conjugation. The operator DF have the fol-
lowing zero components [15]
(DF )
bJ
aI = 0 = (DF )
.
bJ
.
aI (55)
(DF )
.
b
′
J ′
aI = 0 = (DF )
b′J ′
.
aI , (56)
leaving the components (DF )
.
bJ
aI , (DF )
b′J ′
aI and (DF )
.
b
′
J ′
.
aI arbitrary. These re-
strictions lead to important constraints on the structure of the connection
that appears in the inner fluctuations of the Dirac operator.
We have shown, using elementary algebra, that the components of the con-
nection A which is tensored with the Clifford gamma matrices γµ are the
gauge fields of the Pati-Salam model with the symmetry of SU (2)R×SU (2)L×
SU (4) . On the other hand, the non-vanishing components of the connection
which is tensored with the gamma matrix γ5 are given by
(A)
.
bJ
aI ≡ γ5 (Σ)
.
bJ
aI , (A)
b′J ′
aI = γ5HaIbJ , (A)
.
b
′
J ′
.
aI ≡ γ5H .aI .bJ , (57)
where HaIbJ = HbJaI and H .aI
.
bJ
= H .
bJ
.
aI
, which is the most general Higgs
structure possible. These correspond to the representations with respect to
SU (2)R × SU (2)L × SU (4) [12]
Σ
.
bJ
aI =
(
2R, 2L, 1
)
+
(
2R, 2L, 15
)
(58)
HaIbJ = (1R, 1L, 6) + (1R, 3L, 10) (59)
H .
aI
.
bJ
= (1R, 1L, 6) + (3R, 1L, 10) . (60)
We note, however, that the inner fluctuations form a semi-group and if a
component (DF )
.
bJ
aI or (DF )
b′J ′
aI or (DF )
.
b
′
J ′
.
aI vanish, then the corresponding A
field will also vanish. We distinguish three cases: 1) Left-right symmetric
Pati–Salam model with fundamental Higgs fields Σ
.
bJ
aI , HaIbJ and H .aI
.
bJ
. In
this model the field HaIbJ should have a zero vev. 2) A Pati-Salam model
where the Higgs field HaIbJ that couples to the left sector is set to zero (and
then remain zero under fluctuations) which is desirable because there is no
symmetry between the left and right sectors at low energies. 3) The initial
values for (DF )
.
bJ
aI , (DF )
b′J ′
aI and (DF )
.
b
′
J ′
.
aI before fluctuations are given by those
that are determined for the Standard Model, where order one condition is
satisfied for the subalgebra, then the Higgs fields Σ
.
bJ
aI , HaIbJ and H .aI
.
bJ
will
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become dependent fields and expressible in terms of more fundamental fields
(as will be shown in the next section).
In matrix form the operator DF has the sub-matrices [15]
(DF )
βJ
αI =
(
0 D
.
bJ
aI
DbJ.
aI
0
)
, D
.
bJ
aI =
(
DbI.aJ
)∗
. (61)
Then the components of the Dirac operator tensored with γµ, including inner
fluctuations, is given by [12]
(DA)
.
bJ
.
aI = γ
µ
(
Dµδ
.
b
.
aδ
J
I −
i
2
gRW
α
µR (σ
α)
.
b
.
a δ
J
I − δ
.
b
.
a
(
i
2
gV mµ (λ
m)
J
I +
i
2
gVµδ
J
I
))
(62)
(DA)
bJ
aI = γ
µ
(
Dµδ
b
aδ
J
I −
i
2
gLW
α
µL (σ
α)ba δ
J
I − δba
(
i
2
gV mµ (λ
m)
J
I +
i
2
gVµδ
J
I
))
,
(63)
where the fifteen 4 × 4 matrices (λm)JI are traceless and generate the group
SU (4) and W αµR, W
α
µL, V
m
µ are the gauge fields of SU (2)R, SU (2)L, and
SU (4) . The requirement that A is unimodular implies that
Tr (A) = 0, (64)
which gives the condition
Vµ = 0. (65)
This shows that the resulting gauge group is SU (2)R × SU (2)L × SU (4),
which is the Pati-Salam gauge symmetry. In addition we have for the com-
ponents of the Dirac operator tensored with γ5,
(DA)
bJ
.
aI = γ5Σ
bJ
.
aI (66)
(DA)
.
b
′
J ′
.
aI = γ5H .aI
.
bJ
(67)
(DA)
b′J ′
aI = γ5HaIbJ , (68)
where ΣbJ.
aI
is in the (2R, 2L, 1 + 15) representation, H .aI
.
bJ
= H .
bJ
.
aI
is in
the (3R, 1L, 10) + (1R, 1L, 6) representation and HaIbJ is in the (1R, 1L, 6) +
(1R, 3L, 10) with respect to SU (2)R × SU (2)L × SU (4) . To conclude, there
are only three Pati-Salam models with fixed Higgs structure, where the first
one is the most general case, and the other two are special cases of the first
one.
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6 The Standard Model
We now consider the situation when the order one condition is satisfied[
a,
[
D, b̂
]]
= 0, (69)
and the center of the algebra Z (A) is non-trivial in such a way that the space
is connected. Physically, this means that there is a mixing term between the
fermions and their conjugates. The Dirac operator connects the spinors ψA
and their conjugates ψA′ so that
[D,Z (A)] 6= 0. (70)
In physical terms this would allow a Majorana mass term for the fermions.
It was shown in [10] that the unique solution to this equation constrains the
algebra AF = HR ⊕HL ⊕M4 (C) to be restricted to a subalgebra
C⊕HL ⊕M3 (C) , (71)
so that an element of A takes the form [15]
a =

X ⊗ 14
X ⊗ 14
q ⊗ 14
14 ⊗X
14 ⊗m
 , . (72)
where X ∈ C, q ∈ H, m ∈ M3 (C) and the operator DF have a singlet
non-zero entry in the mixing term (DF )
A′
A
(DF )
βJ
αI =
(
δ1αδ
β
.
1
k∗ν + δ
.
1
αδ
β
1 k
ν + δ2αδ
β
.
2
k∗e + δ
.
2
αδ
β
2 k
e
)
δ1Iδ
J
1 (73)
+
(
δ1αδ
β
.
1
k∗u + δ
.
1
αδ
β
1 k
u + δ2αδ
β
.
2
k∗d + δ
.
2
αδ
β
2 k
d
)
δiIδ
J
j δ
j
i
(DF )
β′K ′
αI = δ
.
1
αδ
β′
.
1
′ δ
1
Iδ
K ′
1′ k
∗νRσ, (74)
where kν , ke, ku, kd and kνR are 3× 3 Yukawa couplings in generation space.
The field σ is a singlet (which could be complex) whose vev is responsible for
the right-handed neutrino Majorana mass. The operator D must be replaced
with the operator
DA = D + A+ JAJ
−1, (75)
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and
A(2) = 0, (76)
which greatly simplifies the Higgs structure. The various components of the
Dirac operator are exactly those of the Standard Model, in addition to the
Higgs fields which are the components of the connection A along discrete
directions
(D)
.
11
.
11
= γµ ⊗Dµ ⊗ 13, Dµ = ∂µ + 1
4
ωcdµ (e) γcd, 13 = generations
(D)a1.
11
= γ5 ⊗ k∗ν ⊗ ǫabHb kν = 3× 3 neutrino mixing matrix
(D)
.
21
.
21
= γµ ⊗ (Dµ + ig1Bµ)⊗ 13
(D)a1.
21
= γ5 ⊗ k∗e ⊗Ha
(D)
.
11
a1 = γ5 ⊗ kν ⊗ ǫabH
b
(D)
.
21
a1 = γ5 ⊗ ke ⊗Ha
(D)b1a1 = γ
µ ⊗
((
Dµ +
i
2
g1Bµ
)
δba −
i
2
g2W
α
µ (σ
α)ba
)
⊗ 13, σα = Pauli
(D)
.
1j
.
1i
= γµ ⊗
((
Dµ − 2i
3
g1Bµ
)
δji −
i
2
g3V
m
µ (λ
m)ji
)
⊗ 13, λi = Gell-Mann
(D)aj.
1i
= γ5 ⊗ k∗u ⊗ ǫabHbδji
(D)
.
2j
.
2i
= γµ ⊗
((
Dµ +
i
3
g1Bµ
)
δji −
i
2
g3V
m
µ (λ
m)ji
)
⊗ 13
(D)aj.
2i
= γ5 ⊗ k∗d ⊗Haδji
(D)bjai = γ
µ ⊗
((
Dµ − i
6
g1Bµ
)
δbaδ
j
i −
i
2
g2W
α
µ (σ
α)ba δ
j
i −
i
2
g3V
m
µ (λ
m)ji δ
b
a
)
⊗ 13
(D)
.
1j
ai = γ5 ⊗ ku ⊗ ǫabH
b
δji
(D)
.
2j
ai = γ5 ⊗ kd ⊗Haδji
(D)
.
1′1′
.
11
= γ5 ⊗ k∗νRσ generate scale MR by σ →MR
(D)
.
11
.
1′1′
= γ5 ⊗ kνRσ
DB
′
A′ = D
B
A, D
B
A′ = D
B′
A , D
B′
A = D
B
A′
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where in this notation the fermions are enumerated as
ψ .
11
= νR (77)
ψ .
21
= eR (78)
ψa1 = la =
(
νL
eL
)
(79)
ψ .
1i
= uiR (80)
ψ .
2i
= diR (81)
ψai = qia =
(
uiL
diL
)
. (82)
It is clear that the associated gauge group is U (1) × SU (2) × SU (3) and
that there is only one Higgs doublet H. We note the presence of the singlet
field σ which is the field whose vev will give a Majorana mass to the right-
handed neutrinos. This field plays an essential role in stabilizing the Higgs
coupling so that it does not turn negative at very high energies [22]. We note
in passing that the number of generations is inserted by hand in the Dirac
operator of the finite space, and at present we do not have any geometrical
explanation to single out three generations.
7 A special Pati-Salam model
We have shown that inner fluctuations resulting from the action on operators
in Hilbert space form a semi-group Pert(A) . There exists configurations for
which the inverse transformation to the perturbation does not exist. One
such Dirac operator DA corresponds to the case where the initial operator
D is taken to be the one deduced for the Standard Model as given in (73)
and (74), but not restricting its action to the subalgebra C ⊕ HL ⊕M3 (C)
but to the full algebra HR⊕HL⊕M4 (C) . In this case one finds out that the
resultant vector fields are the same as in the case of Pati-Salam models, but
where the Higgs fields ΣbJ.
aI
and H .
aI
.
bJ
become composite fields determined in
function of fundamental Higgs fields while HaIbJ vanishes. These are given
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by [12]
ΣbJ.aI =
((
kνφb.a + k
eφ˜b.a
)
ΣJI +
(
kuφb.a + k
dφ˜b.a
) (
δJI − ΣJI
))
(83)
H .
aI
.
bJ
= k∗νR∆ .aJ∆ .bI (84)
HaIbJ = 0, (85)
where the Higgs field φb.
a
is in the
(
2R, 2L, 1
)
of the product gauge group
SU (2)R×SU (2)L×SU (4), φ˜b.a = τ2φ
b
.
aτ2 and ∆ .aJ is in the (2R,, 1L, 4) repre-
sentation while ΣJI is in the (1R, 1L, 1 + 15) representation. The fact that one
gets a simpler Higgs representations in this case makes it more attractive.
It is certainly an interesting question to determine all Dirac operators which
lead to singular transformations where the resultant Higgs fields are compos-
ites of more fundamental ones. The scalar potential which contains quartic
interactions in the bosonic fields, which because of compositness, are of order
8. All terms of orders higher than four will be suppressed by the cut-off scale
and could be truncated. Similarly the coupling of such terms to the fermionic
fields will be suppressed by the cut-off scale. To conclude this section, it is
remarkable that starting with the simple quantization condition which rep-
resents the Chern-character of the noncommutative space and is a special
case of the orientability condition, fixes uniquely the structure of space-time
as well as the matter content in the form of a very specific Pati-Salam uni-
fication model, or three of its truncations, including the Standard Model.
This enables us to track gravitational and matter interactions, starting from
the Planck scale where the starting point is few spheres of Planck size, and
ending up with the present scale. This compelling picture could represent a
valid framework for the realization of Hilbert’s program for axiomatization
of physics.
8 Spectral Action
The coordinates Y A (x) are topological fields, and apart from being coordi-
nates of a sphere and satisfying the volume quantization condition, are not
constrained. They do play a role serving as coordinates conjugate to the
momentum represented by the Dirac operator. In particular, since now D
and Y play the role of momenta and coordinates, it is natural to consider
the spectral action to be of the form [10]
Trf (DA, Y ) ,
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which, because Y 2 = 1, implies the dependence on terms of the form [D, Y ] .
The lowest order contribution of such terms come from [D, Y ]2 which corre-
sponds to adding the following term to the action
1
2
∫
M
d4x
√
ggµν∂µY
A∂νY
A. (86)
It is also clear that in the case of the two sided quantization with the field
Z the contribution of the term [D,Z]2 gives the sum of two contributions
without interference terms
1
2
∫
M
d4x
√
ggµν
(
∂µY
A∂νY
A + ∂µY
′A∂νY
′A
)
.
We have shown that the spectral action for the part dependent on DA gives
the bosonic action for all dynamical fields appearing in the connection A. In
particular, in the case of the Standard Model the bosonic action for the part
independent of the fields Y A and Y ′A is given by [13] [14] [15] [32]
S = 2f4Λ
4a0 + 2f2Λ
2a2 + f0a4 + · · · (87)
and
Sb =
48
π2
f4Λ
4
∫
d4x
√
g (88)
− 4
π2
f2Λ
2
∫
d4x
√
g
(
R +
1
2
aHH +
1
4
cσ2
)
+
1
2π2
f0
∫
d4x
√
g
[
1
30
(−18C2µνρσ + 11R∗R∗)+ 53g21B2µν + g22 (W αµν)2 + g23 (V mµν)2
+
1
6
aRHH + b
(
HH
)2
+ a |∇µHa|2 + 2eHH σ2 + 1
2
d σ4 +
1
12
cRσ2 +
1
2
c (∂µσ)
2
]
+ · · ·
where a, c, d, e are defined in terms of the Yukawa couplings, f0 = f (0) and
fk are the Mellin transforms of the function f
fk =
∞∫
0
f (v) vk−1dv, k > 0. (89)
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This action is calculated using heat kernel methods and was shown to contain
unification of gravity with gauge symmetries and Higgs field and the scalar
singlet. All couplings are related at unification scale. The zeroth order term
in the expansion gives the cosmological constant, the first order gives the
Einstein-Hilbert action and the scalar masses, and the second order gives the
Yang-Mills and scalar kinetic terms as well as the second order in curvature
terms. The presence of the singlet field σ whose vev gives mass to the right-
handed neutrino plays an important role in stabilizing the Higgs coupling
which will not become negative at very high energies as well as being con-
sistent with a low Higgs mass of 126 Gev [22]. The form of the gauge and
Higgs kinetic terms and potential implies unification of the gauge couplings
and the Higgs coupling. In addition there is a relation between the fermion
masses and the gauge field masses. A study of the RGE showed that these
relations are consistent with present experimental data and predicts the top
quark mass to be around 170 Gev. However, gauge coupling unification is
off by 4% indicating that the Standard Model is an excellent approximation
to a Pati-Salam model listed above. We have shown [16] that gauge coupling
unification is indeed possible for Pati-Salam models at a unification scale of
the order of 1016 Gev.
It is also worthwhile to summarize the fermionic action
Sf =
∫
d4x
√
g (ν∗Rγ
µDµνR (90)
+e∗Rγ
µ (Dµ + ig1Bµ) eR
+la∗L γ
µ
((
Dµ +
i
2
g1Bµ
)
δba −
i
2
g2W
α
µ (σ
α)ba
)
l
bL
+ui∗R γ
µ
((
Dµ − 2i
3
g1Bµ
)
δji −
i
2
g3V
m
µ (λ
m)ji
)
ujR
+di∗Rγ
µ
((
Dµ +
i
3
g1Bµ
)
δji −
i
2
g3V
m
µ (λ
m)ji
)
djR
+qia∗L γ
µ
((
Dµ − i
6
g1Bµ
)
δbaδ
j
i −
i
2
g2W
α
µ (σ
α)ba δ
j
i −
i
2
g3V
m
µ (λ
m)ji δ
b
a
)
qjbL
+ ν∗Rγ5k
∗νǫabHblaL + e
∗
Rγ5k
∗eH
a
l
aL
+ui∗R γ5k
∗uǫabHbδ
j
i qjaL + d
i∗
Rγ5k
∗dH
a
δji qjaL + ν
∗
Rγ5k
∗νRσ (ν∗R)
c + h.c
)
.
Note that the singlet field σ after getting a vev from the minima of its poten-
tial, will give a Majorana mass to the right-handed neutrino and implies that
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the left handed neutrino will have a small mass through a see-saw mechanism.
9 Consequences of volume quantization
Having established the importance of the volume quantization condition,
which in turn implies that the two sets of fields Y and Y ′ mapping the
four dimensional manifold to four spheres must be taken into consideration
when studying the dynamical content of the resulting model. In particular,
the Einstein equations of motion will be modified. The volume constraint,
imposed through a Lagrange multiplier, will result in traceless Einstein equa-
tions, with the trace part equated to the Lagrange multiplier. We will show
that Bianchi identities give rise to a cosmological constant as an integration
constant. We now study the implications of the presence of the fields Y and
Y ′ on the structure of the model.
For simplicity and to avoid cluttering of fields and indices, in what follows
we shall consider only one set of fields Y A and not two sets Y A and Y
′A as
required by the reality condition. The effects on the equations of motion will
be minimal. Here we take Y ∈ M2 (H) a 2 × 2 matrix whose elements are
quaternions. This can be written as
Y = Y AΓA, A = 1, · · · , 5, (91)
where ΓA are Hermitian gamma matrices satisfying
{
ΓA,ΓB
}
= 2δAB where
Cliff(+,+,+,+,+) = M2 (H) ⊕M2 (H) and we take one of the irreducible
representations M2 (H) . The condition Y
2 = 1 implies
Y AY A = 1, (92)
which defines coordinates on the four dimensional sphere S4. We can check
that
1
22(4!)
〈Y [D, Y ] [D, Y ] [D, Y ] [D, Y ]〉 = γ, (93)
implies the relation
det
(
eaµ
)
=
1
4!
ǫµνκλǫABCDEY
A∂µY
B∂νY
C∂κY
D∂λY
E, (94)
which fixes the volume density and whose integral quantizes the volume.
This last condition can be imposed through a Lagrange multiplier. To do
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this consider the action
I = − 1
2κ2
∫
d4x
√
gR +
1
2
∫
d4xλ
(
1
κ4
√
g − 1
4!
ǫµνκλǫABCDEY
A∂µY
B∂νY
C∂κY
D∂λY
E
)
+
1
2κ4
∫
d4x
√
gλ′
(
Y AY A − 1) , (95)
where κ2 = 8πG which will be set to 1. Notice that the third term is a
four-form and represents the volume element of a unit four-sphere. It can be
written in terms of differential forms without any tensor indices
− 1
2(4!)
∫
λǫABCDEY
AdY B ∧ dY C ∧ dY D ∧ dY E (96)
= − 1
8(4!)
∫
λTr (Y dY ∧ dY ∧ dY ∧ dY ) , (97)
and is independent of the variation of the metric. Varying the action with
respect to the metric, after imposing the two Lagrange multipliers constraints
Y AY A = 1 (98)
√
g =
1
4!
ǫµνκλǫABCDEY
A∂µY
B∂νY
C∂κY
D∂λY
E , (99)
gives
Gµν +
1
2
gµνλ = 0. (100)
Tracing it with gµν then gives
λ = −1
2
G, (101)
which when substituted back yields the tracelees Einstein equation
Gµν − 1
4
gµνG = 0. (102)
Applying the Bianchi identity to this equation implies
∂µG = 0 = ∂µλ, (103)
and thus
λ = −4Λ (104)
G = 4Λ, (105)
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where Λ is the cosmological constant arising as an integrating constant [23].
Therefore we see that an added benefit of having the quantization condition
is that the cosmological constant now appears as an integrating constant in
the equations of motion and is not necessary to be present in the action. This
result is similar to the one encountered in unimodular gravity, with a major
difference that in our case the diffeomorphism symmetry is not restricted but
only the volume is quantized with all symmetries being intact.
Next, varying the fields Y A gives (using ∂µλ = 0 )
− 5
2(4!)
λǫµνκλǫABCDE∂µY
B∂νY
C∂κY
D∂λY
E + λ′YA
√
g = 0. (106)
Tracing this equation with Y A gives
λ′ =
5
2
λ = −5
4
G. (107)
Assuming that G 6= 0 (the case G = 0 recovers the full set of Einstein
equations without cosmological constant), we further have
YA =
1
4!
1√
g
ǫµνκλǫABCDE∂µY
B∂νY
C∂κY
D∂λY
E, (108)
which implies the equation
ǫµνκλǫA′BCDE∂µY
B∂νY
C∂κY
D∂λY
E
(
δA
′
A − YAY A
′
)
= 0. (109)
Note that the expression
3
8π2
1
4!
∫
S4
d4xǫµνκλǫABCDEY
A∂µY
B∂νY
C∂κY
D∂λY
E = π4
(
S4
)
(110)
= Z, (111)
is the winding of the sphere S4 (πn (S
n) = Z [6], [21]). Thus∫
M
√
gd4x = N
(
8π2
3
)
, (112)
where N is the winding number of the mapping M4 → S4 [24] [25]. We can
easily see that the Y A equation of motion (108) follows from equation (99)
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and does not give any new information because it appears through a topo-
logical term. To see this use the identity resulting from anti-symmetrizing
six indices taking five values,
0 = Y[A ǫA′BCDE]ǫ
µνκλ∂µY
B∂νY
C∂κY
D∂λY
E (113)
= (YAǫA′BCDE − YA′ǫABCDE − 4YBǫAA′CDE) ǫµνκλ∂µY B∂νY C∂κY D∂λY E ,
which, after using the property YB∂µY
B = 0 and equation (99), implies
equation (108).
10 Solitonic solution
We have seen that if we consider the spectral action to be of the form
Trf (D, Y ) , it will then contain the kinetic term
1
2
∫
M
d4x
√
ggµν∂µY
A∂νY
A. (114)
Including this term in the action gives the modified Einstein equations
Gµν +
1
2
gµνλ = ∂µY
A∂νY
A − 1
2
gµν (∂Y · ∂Y ) , (115)
where we have denoted by ∂Y ·∂Y = gκλ∂κY A∂λY A. Taking the trace of this
equation determines λ :
λ = −1
2
(G+ ∂Y · ∂Y ) , (116)
and when this is plugged back into equation (115) it gives two equations, the
first of which is traceless
Gµν − 1
4
gµνG = ∂µY
A∂νY
A − 1
4
gµν (∂Y · ∂Y ) . (117)
Taking covariant derivative of equation (115) using Bianchi identity, gives
1
2
∂µλ = ∂µY
A
Y A, (118)
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where Y A = gµν∇µ∂νY A and after making use of the identity Y AY A =
−∂Y · ∂Y that follows by differentiating Y A∂µY A = 0. We now examine the
Y A equation
− 5
2(4!)
λǫµνκλǫABCDE∂µY
B∂νY
C∂κY
D∂λY
E + λ′YA
√
g
=
√
gY A +
1
12
ǫµνκλǫABCDE∂µλY
B∂νY
C∂κY
D∂λY
E . (119)
Tracing with Y A gives
λ′ =
5
2
λ+ Y AY A. (120)
Plugging this back and using equation (108 ) gives
Y A−Y A (Y BY B) = − 1
12
√
g
ǫµνκλǫABCDE∂µλY
B∂νY
C∂κY
D∂λY
E . (121)
The left-hand side of equation (118) is a total derivative, while the right-hand
side is not. The general solution of equations (118) and (121) is not easy to
find. We shall restrict ourselves to the subspace where
∂µλ = 0,
so that
G+ gµν∂µY
A∂νY
A = 4Λ.
Equation (121) then simplifies to
Y A − Y A (Y BY B) = 0. (122)
This equation, being traceless, could be recast in terms of the dependent
variables Y a, a = 1, · · ·4, substituting the relation Y 5 = √1− Y aY a so that
the kinetic term gµν∂µY
A∂νY
A takes the form
gµν∂µY
a∂νY
bhab, , (123)
where
hab =
(
δab +
YaYb
1− Y cY c
)
. (124)
The equation (122) then takes the form [26]
gµν
(∇µ∂νY a + ∂µY b∂νY cΓabc) = 0, (125)
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where Γabc is the Christoffel connection of the metric hab on the sphere S
4
which is given by
Γabc = hbcY
a. (126)
This shows that the fields Y a are harmonic maps which shows that maps
from the four-manifolds M4 to S
4 satisfying the equations of motion are
harmonic. We conclude that the equations of motion are identical to those
of the O(5) non-linear sigma model, which is also equivalent to the Projective
quaternionic model HP 1 [27], [28]. These works have derived the instanton
solution (for a conformally flat metric) with N = 1 and the multi-instanton
solution N = n.
First for the N = 1 instanton solution we have
gµν = δµν
1
(1 + x2)2
, x2 = xaxa, a = 1, · · · , 4 (127)
Y a =
2xa
1 + x2
, Y 5 =
x2 − 1
1 + x2
, (128)
which satisfies
Rµν =
1
4
gµνR, R = 48. (129)
The multi-instanton solution is given by
gµν = 2 (∂µx
n∂νx
n + ∂νx
n∂µx
n)
1
(1 + xnxn)2
, (130)
where x is a quaternionic coordinate
x = x41 + eix
i, (131)
where ei, i = 1, 2, 3 are the three quaternionic complex structures e
2
1 = e
2
2 =
e23 = −1 and e1e2 = −e2e1 = e3. We also have
Y =
2xn
(1 + xnxn)
= Y 41 + eiY i (132)
Y 5 =
(xnxn − 1)
(xnxn + 1)
. (133)
This solution gives a winding number n.
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11 Three dimensional volume quantization
Up to this point we have been dealing with compact manifolds. Physical
space-time has a Lorentzian signature, and is thus topologically equivalent
to R×M3.
Alternatively, we can envision the following picture. Consider as a starting
point any three dimensional hypersurface Σ3 whose normals at any point
has time-like directions and with a family of geodesic lines normal to the
hypersurface. Let these lines be time coordinates and set t to be the distance
as measured from the initial hypersurface. Denote by yi, i = 1, 2, 3 as the
coordinates on the hypersurface Σ. There will still be arbitrary coordinate
transformations xα = xα (yi) , α = 1, 2, 3. Denote the four coordinates by
xµ = (t, xα) and define the functions [29]
eµi =
∂xµ
∂yi
, (134)
and the corresponding normal vectors nµ such that
nµe
µ
i = 0. (135)
The inverse functions eiµ are defined with the aid of the vectors nµ so that
eµi e
j
µ = δ
j
i , e
µ
i e
i
ν = δ
µ
ν − nµnν , (136)
where the vectors nµ satisfy
nµn
µ = ε, (137)
where ε = 1 for metric with signature (+,+,+,+) and ε = −1 for signature
(−,+,+,+) . The metric on the four-dimensional manifold generated due to
the motion of the three dimensional hypersurface is then given by
gµν = e
i
µhije
j
ν + εnµnν , (138)
where hij is the metric on the three dimensional hypersurface Σ. The inverse
metric is given by
gµν = eµi h
ijeνj + εn
µnν , (139)
where hij is the inverse metric of hij which implies that
nµ = gµνnν , n
µeiµ = 0. (140)
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For simplicity we can chose the gauge where
eti =
∂t
∂yi
= 0, (141)
which implies that
nα = 0. (142)
Denoting
nt = N, e
i
t = N
i, (143)
the components of the metric gµν will be given by
gtt = εN
2 +NαhαβN
β , gtα = Nα, gαβ = hαβ, (144)
where
hαβ = e
i
αhije
j
β, Nα = e
i
αhijN
j . (145)
In particular, the vector nµ is given by
nµ =
(
1
N
,−N
α
N
)
. (146)
This gives the familiar 3 + 1 ADM splitting of the metric [30]
ds2 = hαβ (dx
α +Nαdt)
(
dxβ +Nβdt
)
+ εN2dt2. (147)
At this point we note that for the three dimensional hypersurface Σ3 we will
utilize the two maps Y and Y ′ from Σ to the three sphere S3, which are
defined with respect to the Clifford algebras Cliff (+,+,+,+) =M2 (H) and
Cliff (−,−,−,−) = M2 (H) where
Y = Y aΓa, Y
′ = iY ′aΓ′a, a = 1, · · · , 4, (148)
where
{Γa,Γb} = 2δab, {Γ′a,Γ′b} = −2δab, (149)
and Y 2 = 1, Y ′2 = 1. In reality, we can consider the mappings from the
moving hypersurfaces Σ3 which generate the four dimensional manifold and
thus we have Y a (xµ) and Y ′a (xµ) . These could be extended by the field
X (xµ) which maps the geodesics normal to Σ3 into R. We can then consider
the field X to be measure of the distance
X =
√
gµνdxµdxν , (150)
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which according to the Hamilton-Jacobi equation will then satisfy [31]
gµν
∂X
∂xµ
∂X
∂xν
= ε, (151)
and this is a requirement that the mapping function X preserves the length
of a curve on M4. This relation could be viewed as a condition to minimize
the distance between two points in noncommutative geometry
[D,X ]2 = −1. (152)
Thus, in contrast to the four dimensional case where the mapping is from
M4 to S
4 × S4, the mapping now is from R × Σ3 to R × S3 × S3. The
Feynman slashed fields Y 5Γ5 and Y
′5Γ′5 must now be replaced with the fieldX
slashed with some combination of 1, Γ5, Γ
′
5 and Γ5Γ
′
5. To find out the correct
procedure, we make the following observation. In the four-dimensional case,
we used the Feynman slashed coordinates Y = Y AΓA, A = 1, · · · , 5. The
matrices 1
4
ΓAB =
1
8
(ΓAΓB − ΓBΓA) are generators of the Lie Algebra SO (5) .
Denoting these by JAB, they have the commutation relations
[JAB, JCD] = − (δACJBD − δBCJAD − δADJBC + δBDJAC) . (153)
Denoting A = a, 5 where a = 1, · · · , 4 and Ja5 = RPa we then have
[Pa, Pb] = − 1
R2
Jab. (154)
In the limit R = 1
η
→∞, the generators Pa become, locally, the translation
generators and Jab will correspond to SO (4) Lorentz generators. This is the
procedure we will follow to decompose one of the coordinates, say Y 5 by
writing
Y 5 = ηX, (155)
and simultaneously rescale one of the coordinates, say x4
x4 → ηt, (156)
then taking the limit η → 0. We will obtain the volume quantization con-
dition by compactifying the four-dimensional two sided relation to 3 + 1 in
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the above limit, where the fields Y 5 and Y ′5 are not coordinates on the fours
sphere, but independent fields. To this end, let
Z = 2EE ′ − 1 (157)
=
1
2
(Y aΓa + ηXΓ5 + 1)
(
Y
′aΓa + ηXΓ
′
5 + 1
)
− 1 (158)
= 2ee′ − 1 + ηX (Γ5e′ + Γ′5e) +O
(
η2
)
(159)
= z + ηX (Γ5e
′ + Γ′5e) +O
(
η2
)
, (160)
where
e =
1
2
(Y aΓa + 1) , e
′ =
1
2
(Y ′aΓ′a + 1) , z = 2ee
′ − 1. (161)
Notice that we have identified the fields Y 5 and Y ′5 with the same field
X because this is the field corresponding to the motion of the hypersurface.
The correct quantization condition of the 3+1 dimensional space, which also
results from compactification of the four dimensional quantization condition
is given by
lim
η→0
1
η
〈
(z + ηX (Γ5e
′ + Γ′5e)) ([D, z] + η [D,X (Γ5e
′ + Γ′5e)])
4
〉
= γ, (162)
where γ is the chirality operator of the generated 3+1 dimensional manifold.
For consistency, one must first show that all terms of order 1
η
are zero. For
example 〈
z [D, z]4
〉
= 0, (163)
as this would involve terms like 〈ΓaΓbΓcΓdΓe〉 = 0 because this is the trace of
an odd number of Γ matrices. Therefor we have to worry only about terms
independent of η as the terms of order η vanish in the limit. Terms which
are linear in X (and not its derivative) also vanish because terms of the form
X
〈
(Γ5e
′ + eΓ′5) [D, z]
4〉 , (164)
will give the terms
Xǫµνκλǫabcd∂µY
a∂νY
b∂κY
c∂λY
d = X det |∂µY a| = 0, (165)
as the Jacobian |∂µY a| vanishes because the four Y a are not independent.
After some algebra, one can check that the only non-vanishing terms are
3∑
p=0
〈
z [D, z]p ([D,X ]) (Γ5e
′ + eΓ′5) [D, z]
3−p〉 = γ. (166)
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There is no need to repeat the calculation done in the d = 4 case as the
result holds in general, and in particular in the limit η → 0 and this is a
smooth limit as terms of order 1
η
vanish identically. We thus conclude that
this condition implies
1
3!
ǫµνκλǫabcd∂µX
(
Y a∂νY
b∂κY
c∂λY
d + Y
′a∂νY
′b∂κY
′c∂λY
′d
)
= det
∣∣eaµ∣∣ .
(167)
The field X could be identified with the time coordinate in a certain gauge.
For example, in the synchronous gauge we have gtt = 1, gti = 0 which
implies that X = t is a solution of the above constraint. If we define the
three-dimensional hypersurface Σ3 by t =constant, then the lapse function
N could be defined by ∂tX = N with the boundary condition
∂iX|Σ = 0. (168)
We could have obtained the 3 + 1 quantization condition, directly by com-
pactifying the four-dimensional condition of the mapping fromM4 → S4. Let
Y 5 = ηX = Y ′5 and simultaneously rescale one of the coordinates, say x4
x4 → ηx0, (169)
so that the constraint in the limit η → 0, becomes (written covariantly)
√
g = lim
η→0
(
1
4!
ǫµνκλǫABCDE
(
Y A∂µY
B∂νY
C∂κY
D∂λY
E (170)
+Y ′A∂µY
′B∂νY
′C∂κY
′D∂λY
′E
))
(171)
=
1
3!
ǫµνκλǫabcd (∂µX)
(
Y a∂νY
b∂κY
c∂λY
d + Y
′a∂νY
′b∂κY
′c∂λY
′d
)
, (172)
where the X field is unconstrained, while the fields Y a and Y
′a satisfy
Y aY a = 1, Y
′aY
′a = 1, a = 1, · · · , 4. (173)
Notice that the term
1
4!
ǫµνκλX∂µY
a∂νY
b∂κY
c∂λY
dǫabcd = XdY
1 ∧ dY 2 ∧ dY 3 ∧ dY 4, (174)
is equal to zero because dY 4 depends on a linear combination of dY 1, · · · , dY 3.
31
The Clifford algebra M2 (H) ⊕M2 (H) spanned by Y aΓa and Y ′aΓ′a will be
extended by the generators XΓ5 and XΓ
′
5. The first M2 (H) corresponding
to the Clifford algebra Cliff(+,+,+,+) is not effected by the addition of Γ5.
The second M2 (H) corresponding to the Clifford algebra Cliff(−,−,−,−)
changes to M4 (C) when extended by Γ
′
5. Thus the algebra associated with
the two sided relation (166) for the 3 + 1 manifold is the same as the four
dimensional case and is given by
M2 (H)⊕M4 (C) . (175)
Thus, this compactification corresponds to a mapping from R×Σ3 → R×S3
where Σ3 is a three dimensional hypersurface. Although imposing this condi-
tion could be made and leads to the mimetic matter phenomena [33],[34], it is
worth noting that we need to impose this condition only on the hypersurface
Σ3 to be defined below:
gµν∂µX∂νX|Σ = 1. (176)
To get acquainted with this condition, we first consider the situation where
we have a three dimensional hypersurface in space-time, a case dealt with in
the ADM decomposition [30]. Consider the 3 + 1 splitting of space-time so
that (for Lorentzian signature)
ds2 = hij
(
dxi +N idt
) (
dxj +N jdt
)−N2dt2, (177)
where N (xi, t) and N i (xi, t) are the lapse and shift functions. Then
√−g = N
√
h. (178)
We, therefore, supplement the volume quantization condition
√
g =
1
3!
ǫµνκλǫabcd∂µX
(
Y a∂νY
b∂κY
c∂λY
d + Y
′a∂νY
′b∂κY
′c∂λY
′d
)
, (179)
by adding the constraints (151) to hold on the hypersurface
∂iX|Σ = 0, ∂tX|Σ = N |Σ, (180)
from which we deduce that the constraint (179), when restricted to the hy-
persuface Σ3, gives(
N
√
h
)
Σ
=
1
3!
Nǫijkǫabcd
(
Y a∂iY
b∂jY
c∂kY
d + Y
′a∂iY
′b∂jY
′c∂kY
′d
)
, (181)
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and we finally have∫
Σ
√
hd3x =
1
3!
∫
Σ
ǫijkǫabcd
(
Y a∂iY
b∂jY
c∂kY
d + Y
′a∂iY
′b∂jY
′c∂kY
′d
)
d3x
(182)
=
1
3!
∫
Σ
ǫabcd
(
Y adY bdY cdY d + Y
′adY ′bdY
′cdY
′d
)
(183)
=
4
3
π2 (w + w′) (184)
where w and w′ are integers given by the winding numbers on S3. One can
check that an exact solitonic solution with winding number one, is given by
X = t, Y m =
2xm
1 + xmxm
, Y 4 =
xmxm − 1
1 + xmxm
, (185)
with the metric
gtt = 1, gtα = 0, gαβ =
δαβ
(1 + xmxm)2
, (186)
and this corresponds to a quantized three dimensional volume.
To understand the condition gµν∂µX∂νX|Σ = 1 we notice that in the syn-
chronous gauge [31] we can take X = τ, gtt = 1
N2
so that
∣∣∂τ
∂t
∣∣ = N and thus
the line measure Ndt→ N ∂t
∂τ
dτ = dτ which is consistent with gττ = 1. Thus
this condition amounts to length preserving transformation. We deduce that
in a Lorentzian space-time volume quantization is possible, provided that
the field corresponding to the non-compact transformation satisfy a length
preserving condition. For the two sided equation where we have both Y A
and Y ′A it is important to truncate both Y 5 and Y ′5 to the same field X
Y 5 = ηX, Y ′5 = ηX,
which avoids imposing further unnatural conditions. There are many ad-
vantages to impose the condition (151) locally as this constraint modifies
Einstein gravity only in the longitudinal sector as the field X is not dynami-
cal. In the synchronous gauge, this field is identified with the time coordinate
and modifies Einstein equations by giving an energy-momentum tensor in the
absence of matter, giving rise to mimetic cold matter. We have shown that
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this field, which arises naturally from the three space quantization condi-
tion can be used to construct realistic cosmological models such as inflation
without the need to introduce additional scalar fields. By including terms
in the action of the form f (X) which do occur in the spectral action as
can be seen from considerations of the scale invariance, it is possible to avoid
singularities in Friedmann, Kasner [35] or Black hole solutions [36]. This is
possible because the contributions of the field X to the energy-momentum
tensor would allow, for special functions f (X) to limit the curvature, pre-
venting the singularities from occurring.
12 Area quantization
Next consider the compactification of two fields, keeping only three compact
fields Y m, m = 1, 2, 3, and rescale the two fields
Y 4 = ηX1, Y 5 = ηX2 (187)
Y ′4 = ηX1, Y
′5 = ηX2, (188)
and simultaneously rescale the coordinates
xα → ηxα, α = 1, 2, (189)
where xα are coordinates along directions transverse to the two dimensional
hypersurface, so that
√
g = lim
η→0
(
1
4!
ǫµνκλǫABCDE
(
Y A∂µY
B∂νY
C∂κY
D∂λY
E (190)
+Y
′A∂µY
′B∂νY
′C∂κY
′D∂λY
′E
))
(191)
=
1
2
ǫµνκλǫab∂µX
a∂νX
bǫmnp
(
Y m∂κY
n∂λY
p + Y
′m∂κY
′n∂λY
′p
)
, (192)
where Xa (xµ) , a = 1, 2, while the Y m (xµ) and Y ′m (xµ) are subject to the
constraints
Y pY p = 1, Y ′pY
′p = 1, p = 1, 2, 3. (193)
Again, since the functions Xa are unconstrained to be coordinates on a
sphere, normalization conditions must be imposed
det
(
gµν∂µX
a∂νX
b
)
Σ
= 1. (194)
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In case of Minkowski signature we must replace 1 with −1. It is known
that this condition is the area preserving transformation on the two dimen-
sional surface from the original surface with coordinates xα to the surface
with coordinates Xa. We note that in order to completely characterize this
transformation we still have the option of specifying the trace of the matrix
gµν∂µX
a∂νX
b which turns out to determine the stability of the map under
linear perturbations [37].
Thus this compactification corresponds to the mapping M4 → R2×S2. We
assume that there is a hypersurface Σ2 endowed with an induced metric and
with coordinates xi so that the four dimensional metric can be written in the
form
ds2 = hij
(
dxi + hikNiαdx
α
) (
dxj + hjlNlβdx
β
)
+ kαβdx
αdxβ, (195)
where hij is the inverse of hij , the metric on Σ2 with i, j = 1, 2 and α, β = 3, 4.
In matrix form, the four-metric is(
kαβ +NiαNjβh
ij Niα
Niα hij
)
. (196)
The inverse of this metric is given by(
kαβ −N jα
−N jα hij +N iαN jβkαβ
)
, (197)
where kαβ is the inverse of kαβ and N
iα is obtained from Niα by raising
indices with the metrics hij and kαβ. The hypersurface Σ2 is then defined by
the equations
xα = const, α = 1, 2, (198)
parametrized by the coordinates xi, i = 3, 4. In this form we have
√
g =
√
h
√
k. (199)
The constraint (194) is then solved by
∂iX
a|Σ = 0, (200)
so that
det
(
kαβ∂αX
a∂βX
b
)
Σ
= 1, (201)
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which implies
(det k)Σ = (det |∂αXa|Σ)2 . (202)
Using(
ǫijǫabǫ
αβ∂αX
a∂βX
bǫmnpY
m∂iY
n∂jY
p
)
Σ
= det |∂αXa|Σ
(
ǫijǫmnpY
m∂iY
n∂jY
p
)
Σ
(203)
=
(√
kǫijǫmnpY
m∂iY
n∂jY
p
)
Σ
.
(204)
The volume constraint becomes(√
h
√
k
)
Σ
=
1
2
(√
kǫijǫmnp
(
Y m∂iY
n∂jY
p + Y
′m∂iY
′n∂jY
′p
))
Σ
. (205)
One important point to realize is that the fundamental constraint equation is
(192), and that we can integrate this equation over any hypersurface we like,
and not only over the full space. In particular, let us choose to integrate over
a two dimensional hypersurface Σ2 with coordinates x
α, then this implies
that∫
Σ2
d2x
√
h =
1
2
∫
Σ
ǫijǫmnp
(
Y m∂iY
n∂jY
p + Y
′m∂iY
′n∂jY
′p
)
dxidxj (206)
=
1
2
∫
Σ
ǫmnp
(
Y mdY ndY p + Y
′mdY ′ndY
′p
)
(207)
= 4π (w + w′) , (208)
where w and w′are integers and equal to the winding numbers of the two
maps.
13 Equations of motion for R×S3 and R2×S2
13.1 R× S3 case
Start by taking the action
I = −1
2
∫
d4x
√
gR +
1
2
∫
d4xλ
(√
g − 1
3!
ǫµνκλ∂µXǫabcdY
a∂νY
b∂κY
c∂λY
d
)
+
1
2
∫
d4x
√
gλ′ (Y aY a − 1) + 1
2
∫
d4x
√
gλ
′′
(gµν∂µX∂νX − 1) . (209)
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We have included a constraint on the X field, which is known to have the
effect of replacing the scale factor in gravity by the field X which mimics
dark matter [33],[34]. We also have the option of not including this field,
and in that case the effects of the field X will only be topological providing
only the joining of the disconnected pieces. For simplicity, we have included
only the coordinates of one of the maps Y a. First, we have the λ′′ and gµν
equations
gµν∂µX∂νX = 1 (210)
Gµν +
1
2
λgµν − λ′′∂µX∂νX = 0. (211)
Taking the trace of Einstein equation gives
λ
′′
= G+ 2λ, (212)
resulting in the traceless equation
Gµν −G∂µX∂νX + 1
2
λ (gµν − 4∂µX∂νX) = 0. (213)
Next the variation of the field X gives
∂µ (
√
ggµν∂νX (G+ 2λ)) =
1
2
∂µλV
µ, (214)
where we have denoted
V µ =
1
3!
ǫµνκλǫabcdY
a∂νY
b∂κY
c∂λY
d, (215)
and used the property
∂µV
µ = 0. (216)
This last equation is a consequence of the identity dY 1∧dY 2∧dY 3∧dY 4 = 0
which follows from
dY 4 = − 1
Y 4
(
Y 1dY 1 + Y 2dY 2 + Y 3dY 3
)
. (217)
The Y a equation gives
√
gλ′Ya − 1
2
λ∂µX
1
3!
ǫµνκλǫabcd∂νY
b∂κY
c∂λY
d (218)
= ∂µX∂ν
(
λ
1
3!
ǫµνκλǫabcdY
b∂κY
c∂λY
d
)
. (219)
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Contracting this equation with Y a gives
λ′ =
3
2
λ. (220)
The Bianchi identity gives
1
2
∂µλ = ∇ν ((G+ 2λ) ∂µX∂νX) . (221)
Using the property (∇ν∂µX) ∂νX = 0, obtained by differentiating equation
(210) this simplifies to
1
2
∂µλ =
1√
g
∂ρ (
√
ggρν (G+ 2λ)) ∂µX. (222)
For example, in the synchronous gauge where gtt = 1 and X = t, we find
∂iλ = 0 and
∂
∂t
(
G+
3
2
λ
)
+
1
2
∂
∂t
ln g = 0. (223)
For Friedmann type universe this condition simplifies to
∂
∂t
(
G+ 3
·
a
a
+
3
2
λ
)
= 0, (224)
which is the Einstein equation allowing mimetic dark matter and cosmolog-
ical constant arising as integration constants.
One can easily verify that the Bianchi identity (221) upon contracting by V µ
gives
1
2
∂µλV
µ = ∂µXV
µ∇ν ((G+ 2λ) ∂νX) (225)
= ∂µ (
√
ggµν (G+ 2λ) ∂νX) , (226)
which coincides with the X equation after contracting with V µ.
Note that if the constraint (gµν∂µX∂νX)Σ = 1 is only imposed on the bound-
ary, then there will be no need for a Lagrange multiplier and the equations
do simplify to give
Gµν − 1
4
gµνG = 0 (227)
G+ 2λ = 0 (228)
∂µλ = 0 (229)
λ′ =
3
2
λ. (230)
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without any new information from the Y a and X equations.
13.2 R2 × S2 case
We start with the action
I = − 1
2κ2
∫
d4x
√
gR +
1
2
∫
d4xλ
(
1
κ3
√
g − 1
2!
ǫµνκλǫab∂µX
a∂νX
bǫmnpY
m∂κY
n∂λY
p
)
+
1
2κ4
∫
d4x
√
gλ′ (Y mY m − 1) . (231)
Varying gµν and setting κ2 = 1, gives
Gµν +
1
2
λgµν = 0, (232)
and by tracing this equation we get
G+ 2λ = 0. (233)
After substituting back we get the traceless equation
Gµν −G∂µX∂νX + 1
2
λgµν = 0. (234)
The Bianchi identity gives
1
2
∂µλ = 0.
Next, we have the Xa equation
− ∂µ
(
ǫµνκλǫabλ∂νX
bǫmnpY
m∂κY
n∂λY
p
)
(235)
= ∂µλǫ
µνκλǫab∂νX
bǫmnpY
m∂κY
n∂λY
p,
and finally the Y m equation gives
√
gλ′Ym − 1
2
λǫab∂µX
a∂νX
b1
2
ǫµνκλǫmnp∂κY
n∂λY
p (236)
= ǫab∂µX
a∂νX
b∂κ
(
λ
1
2
ǫµνκλǫmnpY
n∂λY
p
)
. (237)
Contracting this equation with Y m gives
λ′ =
3
2
λ, (238)
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and thus
3
2
√
gYm − 3
2
ǫab∂µX
a∂νX
b1
2
ǫµνκλǫmnp∂κY
n∂λY
p = 0, (239)
together with
√
g =
1
2!
ǫµνκλǫab∂µX
a∂νX
bǫmnpY
m∂κY
n∂λY
p. (240)
This implies
YmǫpqrY
p∂[κY
q∂λ]Y
r = ǫmnp∂[κY
n∂λ]Y
p. (241)
This relation is an identity which follows from the vanishing of a rank four
antiysmmetric tensor [mpqr] taking three values
0 = Y[m ǫpq r]∂[κY
q∂λ]Y
r (242)
= YmǫpqrY
p∂[κY
q∂λ]Y
r − Ypǫmqr∂[κY q∂λ]Y r + 2YqǫpmrY p∂[κY q∂λ]Y r,
(243)
the last term being zero because Yq∂κY
q = 0. Thus, as expected, no new
information comes from the Y equation, except for its trace.
The Xa equation reduces to
− ∂µ
(
ǫµνκλǫabλ∂νX
bǫmnpY
m∂κY
n∂λY
p
)
= ∂µλǫ
µνκλǫab∂νX
bǫmnpY
m∂κY
n∂λY
p, (244)
which is identically satisfied since ∂µλ = 0. This shows that the resulting
system is that of gravity plus mimetic dark matter, with the topological
fields Y m (x) connecting the different unit spheres, constituting the building
fabric of space-time.
Finally we comment on the possibility of adding mimetic matter to the system
corresponding to the quantization of R2 ×Σ2 where Σ2 is a two dimensional
surface. Looking at the induced metric
hab = gµν∂µX
a∂νX
b, a, b = 1, 2, (245)
we notice that we had to impose, on the boundary, the constraint
det hab = 1, (246)
which is the area preserving condition for the two dimensional surfaces. These
maps will be characterized by the value of the trace of hab and their stability
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will depend on the value of t = tr hab. These are stable and of the elliptic
type when −2 < t < 2. Unfortunately, the resulting system of equations is
not easy to solve, and it is not clear whether such system can lead to realistic
models. It is therefore doubtful whether using more than one scalar field
associated with imposing one or more constraints is useful. We conclude
that for our purposes, it is enough to characterize the conditions for area
quantization is to have an area preserving conditions on the mapping defined
by the two fields X1 and X2 taken as boundary conditions.
14 Discussion and conclusions
It is an ambitious goal to initiate a program of axiomatization of physics
as suggested by Hilbert. Our proposal is to start from an analogue of the
Heisenberg commutation relation to quantize the geometry. The Dirac op-
erator plays the role of momentum while the Feynman slash of scalar fields
plays the role of coordinates. When the dimension of the noncommutative
space, as determined by the growth of eigenvalues, is 2 or 4 there are two
possible Clifford algebras with which the scalar fields are contracted with the
corresponding gamma matrices. These two Clifford algebras are related to
each other through the reality operator J which is an anti-unitary operator
that is part of the data defining the noncommutative space. In four dimen-
sions the sum of the two Clifford algebras is M2 (H) ⊕M4 (C) which is the
algebra of the finite space that is tensored with the continuous Riemannian
space. The quantization condition implies that the volume of the continuos
part of the space is quantized in terms of the winding numbers of the two
mappings Y and Y ′ from M4 to S
4. The presence of two maps instead of one
allows for the representation of a spin-manifold M4, with arbitrary topology
and large volume as the pullback of the two maps which yields four coordi-
nates given on local charts. This construction determines, in a unique way,
the noncommutative space that defines our space-time. Inner fluctuations
of the Dirac operator by automorphisms of the algebra extends it to include
a connection, which is a one form defined over the noncommutative space.
Components of the connection along the continuous directions are the gauge
fields of the resulting gauge group, and the components along the discrete
directions are the Higgs fields. The connection then includes all the bosonic
fields of a unified field theory, which is a Pati-Salam model with a definite
Higgs structure. There are two special cases when these Higgs fields are
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either truncated or are in composite representations of more fundamental
fields. The Standard Model with neutrinos (and a singlet) is a special case of
the Pati-Salam model which satisfies an order one condition where the con-
nection becomes restricted to the algebra A but not its opposite. Elements
of the Hilbert space define the fermions which are 16 in the representation
(2, 1, 4) + (1, 2, 4) with respect to the symmetry S (2)R × SU (2)L × SU (3) .
Thus all bosonic fields in the -form of gravity, gauge and Higgs fields are
unified in the Dirac operator and all fermion fields are unified in the funda-
mental representation in the Hilbert space. The dynamics is governed by
the spectral action principle where the spectral action is an arbitrary positive
function of the Dirac operator valid up to a cutoff scale, which is taken to
be near the Planck scale. In other words, by starting from a quantization
condition on the volume of the noncommutative space, all fields and their
interactions are predicted and given by a Pati-Salam model which has three
special cases one of which is the Standard Model with neutrino masses and
a singlet field. The spectral Standard Model predicts unification of gauge
couplings and the correct mass for the top quark and is consistent with a
low Higgs mass of 125 Gev. The unification model is assumed to hold at the
unification scale and when the gauge, Yukawa and Higgs couplings relations
are taken as initial conditions on the RGE, one finds complete agreement
with experiment, except for the meeting of the gauge couplings which are off
by 4%. This suggests that a Pati-Salam model defines the physics beyond the
Standard Model, and where we have shown [16] that it allows for unification
of gauge couplings, consistent with experimental data.
The assumption of volume quantization has consequences on the structure
of General Relativity. Equations of motion agree with Einstein equations ex-
cept for the trace condition, which now determines the Lagrange multiplier
enforcing volume quantization. The cosmological constant, although not in-
cluded in the action, is now an integration constant. The two mapping fields
Y and Y ′ from the four-manifold to S4 can be considered to be be solutions of
instanton equations and give the physical picture that coordinates of a point
are represented as the localization of instantons with finite energy. To have a
physical picture of time we have also considered a four-manifold formed with
the topology of R × Σ3, where Σ3 is a three dimensional hypersurface, to
allow for space-times with Lorentzian signature. The quantization condition
is modified to have two mappings from Σ3 → S3 and a mapping X : R→ R.
The resulting algebra of the noncommutative space is unchanged, and the
three dimensional volume is quantized provided that the mapping field X is
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constrained to have unit gradient. This field X modifies only the longitudi-
nal part of the graviton and plays the role of mimetic dust. It thus solves,
without extra cost, the dark matter problem [33]. Recently, we have shown
that this field X can be used to build realistic cosmological models [34]. In
addition, and under certain conditions, could be used to avoid singularities in
General relativity for Friedmann, Kasner [35] and Black hole solutions [36].
This is possible because this scalar field modifies the longitudinal sector in
GR. We have presented various implications of the quantization condition
such as the absence of the cosmological constant from the action, quantizing
volumes and areas of maps of M4 to S
4, R× S3 and R2 × S2.
We have presented enough evidence that a framework where space-time as-
sumed to be governed by noncommutative geometry results in a unified pic-
ture of all particles and their interactions. The axioms could be minimized by
starting with a volume quantization condition, which is the Chern character
formula of the noncommutative space and a special case of the orientability
condition. This condition determines uniquely the structure of the noncom-
mutative space. Remarkably, the same structure was also derived, in slightly
less unique way, by classifying all finite noncommutative spaces [10]. The
picture is very compelling, in contrast to other constructions, such as grand
unification, supersymmetry or string theory, where there is no limit on the
number of possible models that could be constructed. The picture, however,
is still incomplete as there are still many unanswered questions and we now
list few of them. Further studies are needed to determine the structure and
hierarchy of the Yukawa couplings, the number of generations, the form of the
spectral function and the physics at unification scale, quantizing the fields
appearing in the spectral action and in particular the gravitational field. To
conclude, noncommutative geometry as a basis for unification, is a predic-
tive and exciting field with very appealing features and many promising new
directions for research.
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